Introduction
The cyclotomic trace map provides a comparison of the algebraic K-theory spectrum with a pro-spectrum {TR n } n≥1 that is built from the cyclic fixed points of topological Hochschild homology. In the long paper [8] we used this comparison and an approximate evaluation of the structure of the pro-spectrum {TR n } n≥1 to completely determine the p-adic K-theory of a mixed characteristic local field K. This verified the Lichtenbaum-Quillen conjecture for the field K. In this paper we completely determine the structure of the pro-spectrum {TR n } n≥1 for the algebraic closureK of the local field K. This leads us to formulate a conjecture for the structure of the pro-spectrum {TR n } n≥1 for the local field K. Let V be a complete discrete valuation ring with quotient field K of characteristic 0 and with perfect residue field k of odd characteristic p. In the paper [8] we constructed a map
from the localization sequence in algebraic K-theory to an analogous cofibration sequence relating the topological Hochschild spectra T (k) and T (V ) and a new topological Hochschild spectrum T (V |K). The circle group T acts on the terms of the lower sequence, and one defines TR n (V |K; p) = T (V |K)
to be the fixed points of the subgroup C p n−1 ⊂ T of the indicated order. As n ≥ 1 varies, these spectra form a pro-ring-spectrum whose structure map R : TR n (V |K; p) → TR n−1 (V |K; p)
is called the restriction map. We proved in op. cit. that the homotopy groups TR n q (V |K; p) = π q (TR n (V |K; p)) of this pro-ring-spectrum form a Witt complex over the ring V endowed with the canonical log-structure given by the canonical inclusion
We further showed that there exists an initial Witt complex W n Ω q (V,M) over the log-ring (V, M ) (denoted by W n ω q (V,M) in op. cit.) and that the canonical map W n Ω q (V,M) → TR n q (V |K; p) is an isomorphism, for q ≤ 2. The main result of op. cit. was the evaluation, up to pro-isomorphism, of the homotopy groups with Z/p v -coefficients
in the case where the field K contains the p v th roots of unity. Indeed, we showed in op. cit., Thm. C, that, as n ≥ 1 varies, the canonical maps
that take a generator ζ ∈ µ p v to the image by the cyclotomic trace maps of the associated Bott element β ζ ∈ K 2 (K, Z/p v ) form an isomorphism of pro-abelian groups. However, if the field K does not contain the p v th roots of unity, the structure of the pro-abelian groups TR · q (V |K; p, Z/p v ) is presently unknown. In this paper we consider the colimit spectra TR n (V |K; p) = colim TR n (V α |K α ; p)
where, on the right-hand side, K α ranges over all finite field extension of K that are contained in an algebraic closureK of K, and where V α andV are the integral closures of V in K α andK, respectively. The canonical map
is an isomorphism, for q ≤ 2, but the statement for the higher homotopy groups with Z/p v -coefficients is not valid forK as isomorphisms of pro-abelian groups are generally not preserved under infinite colimits. The purpose of this paper is to completely determine the p-adic homotopy groups TR n q (V |K; p, Z p ) = π q (TR n (V |K; p), Z p ).
We recall that, for any spectrum X, the p-adic homotopy groups are related to the integral homotopy groups by a natural short-exact sequence 0 → Ext(Q p /Z p , π q (X)) → π q (X, Z p ) → Hom(Q p /Z p , π q−1 (X)) → 0.
The right-hand term is also written T p (π q−1 (X)) and called the p-primary Tate module of the group π q−1 (X). It is not difficult to see that
is a divisible group, for q positive, and hence we obtain a canonical isomorphism This, in turn, induces a map of graded TR n 0 (V |K; p, Z p )-algebras S TR n 0 (V |K;p,Zp) (T p TR 1 (V |K; p)) → TR n * (V |K; p, Z p ) by using the multiplicative structure on the right-hand side. We note the formal analogy with the following result by Suslin [11, 12] on the algebraic K-theory of the fieldK. The group K q (K) is divisible, if q > 0, and uniquely divisible, if q > 0 and even; the Tate module T p K 1 (K, Z p ) is a free module of rank one over K 0 (K, Z p ), and the canonical map
is an isomorphism.
The ring TR n 0 (V |K; p, Z p ) is canonically isomorphic to the ring W n (V )ˆgiven by the p-completion of the ring of (p-typical) Witt vectors inV . We determine the structure of this ring following the work of Fontaine [4] . To state the result, we first let RV be the ring given by the limit of the diagram
with the Frobenius as structure map. The ring RV is a perfect F p -algebra and an integrally closed domain whose quotient field is algebraically closed. We show that there is a surjective ring homomorphism
hose kernel is a principal ideal with a generator given as follows. We choose a sequence ε = {ε (v) } v≥1 of compatible primitive p v−1 th roots of unity inV ⊂K. The sequence ε determines, by reduction modulo p, an element of RV that we also denote by ε. We let ε n ∈ RV be the unique p n th root of ε, and let [ε n ] ∈ W (RV ) be the Teichmüller representative. Then ([ε] − 1)/([ε n ] − 1) generates the kernel of θ n . Moreover, the maps θ n satisfy that R • θ n = θ n−1 and
We give a similar complete description of the structure of the p-primary Tate module T p TR n 1 (V |K; p). The K-theory Bott element β ε = β K ε which is defined to be the image of ε = {ε (v) } v≥1 by the canonical isomorphism
which is defined to be the image of β ε by the cyclotomic trace map (
(ii) The restriction and Frobenius maps
We remark that parts (ii) and (iii) of Thm. B are easy consequences of part (i) and the fact that R(β ε,n ) = F (β ε,n ) = β ε,n−1 . Since in positive degrees the integral homotopy groups TR n q (V |K; p) are divisible we obtain a canonical isomorphism
Hence Thms. A and B also determine the structure of the G K -modules on the left-hand side. The following conjecture was first formulated in [6] .
Conjecture. For all positive integers q, the canonical map
is an isomorphism of pro-abelian groups and the higher continuous cohomology groups of the pro-G
We use Thms. A and B and a theorem of Tate [13] to show that the rational cohomology groups
) vanish for i ≥ 0 and q > 0. We hope that similar methods will make it possible to understand the structure of the cohomology groups
Finally, Thms. A and B determine the structure of the p-adic topological cyclic homology groups TC q (V |K; p, Z p ). Indeed, we obtain the following new result.
Theorem C. The cyclotomic trace induces an isomorphism
for all integers q.
We remark that the common group in the statement of Thm. C is canonically isomorphic to the G K -module Z p (q/2), if q is a non-negative even integer, and is zero, otherwise. We also note that the vanishing of TC q (V |K; p, Z p ), for q odd (including q = −1), is an immediate consequence of the fact that the quotient field of the F p -algebra RV is algebraically closed.
The paper is organized as follows. Sect. 1 determines the structure of the ring W n (V )ˆ; Sect. 2 contains the proofs of Thms. A and B with the exception of the existence of the generator α ε,n which is proved in Sect. 3; and the final Sect. 4 concerns Galois cohomology.
The results of this paper were reported in expository form in [6] . It is a great pleasure to thank the University of Tokyo and Takeshi Saito in particular for their hospitality during the writing of parts of this paper. The author also expresses his sincere gratitude to an anonymous referee who read an earlier version of this paper with extreme care and made numerous helpful suggestions.
Witt vectors
1.1. In this section we determine the structure of the ring
that is given by the p-completion of the ring of (p-typical) Witt vectors of length n inV . This follows the work of Fontaine [4] . We refer the reader to [9, Sect. 1.1] for generalities on Witt vectors.
We say that a ring A is p-complete if the canonical map from A to the pcompletion Aˆ= lim v A/p v A is an isomorphism, or equivalently, if the p-adic topology on A is complete and separated. Lemma 1.1.1. Let A be a p-complete and p-torsion free ring. Then W (A) is again a p-complete and p-torsion free ring.
Proof. Since A is p-torsion free then so is W n (A), and hence, the sequences
are exact. It follows, by induction, that W n (A) is a p-complete ring. Taking limits over n, the exact sequences
give rise to an isomorphism
Taking the limit over v and using that limits commute, we find that the lower horizontal map in following diagram is an isomorphism.
The right-hand vertical map is an isomorphism, since W n (A) is a p-complete ring, and the top horizontal map is an isomorphism for trivial reasons. Hence, the lefthand vertical map is an isomorphism as stated.
Proof. Since A is p-torsion free, the canonical map A/p v A → Aˆ/p v Aˆis an isomorphism. Hence, inductively, so are the induced maps
for all n ≥ 1. Using that W n (A) and W n (Aˆ) are p-torsion free, we conclude that
Hence, the induced map of limits over v is an isomorphism, and this is the statement of the lemma. Proof. We first show that the canonical projection is an isomorphism. To this end, we consider the six-term exact sequence associated with the following short-exact sequence of limit systems.
It follows that it suffices to show that lim F W (pA) and R 1 lim F W (pA) vanish. These groups are given by the kernel and cokernel, respectively, of the map
where σ maps the mth factor to the (m − 1)st factor by the Frobenius. Since A is p-torsion free, the ghost map defines an isomorphism
So the map in question is isomorphic to the map id −σ :
where the products ranges over s ≥ 0 and m ≥ 1 and where σ maps the (s, m)th factor to the (s− 1, m− 1)st factor by the canonical inclusion p s+1 A → p s A. Hence, id −σ is an isomorphism with inverse
The series on the right converges since A is p-complete. It remains to show that the inverse of the canonical projection is given as stated. We must show that the sequence {F k (x (m+k) )} k≥0 converges with a unique limit, and since the p-adic topology on W (A) is complete and separated, it suffices to show that the sequence is Cauchy. To this end, we first note that a sequence {x s } s≥0 is in the image of the ideal W (pA) by the ghost map
which shows that
Hence the sequence {F k (x (m+k) )} k≥0 is Cauchy as desired. 
Proof. We consider the exact sequence of limit systems with nth terms
The structure maps in the middle and right-hand limit systems are given by the Frobenius, and the structure map in the left-hand limit system is given by multiplication by p. The induced six-term exact sequence takes the form
The first and fourth terms vanish since the p-adic topology on W (A) is separated and complete, respectively. The lemma follows.
1.2.
Let V be a complete discrete valuation ring with quotient field K and perfect residue field k of mixed characteristic (0, p). LetK be an algebraic closure of K and letV be the integral closure of V inK. Let Vˆ= lim nV /p nV be the p-completion ofV , and letKˆbe the quotient field ofVˆ. ThenKˆis again algebraically closed [1, Chap. 2, Thm. 12]. The valuation on K extends uniquely to a valuation onK (resp.Kˆ) with value group the additive group of rational numbers andV (resp.Vˆ) is the valuation ring. In particular,V (resp.Vˆ) is an integrally closed local ring of dimension one. However,V (resp.Vˆ) is not a noetherian ring. We normalize the valuation onV (resp.Vˆ) such that v(p) = 1.
Let x, y ∈V and suppose that
. Indeed, we have x = ζy with ζ p = 1, and hence, x − y = (ζ − 1)y. But ζ − 1 is either zero or a uniformizer of Q p (µ p ), and thus, v(ζ − 1) ≥ 1/(p − 1).
We follow [9, Sect. 1.1] and write [a] n ∈ W n (A) for the Teichmüller representative of a ∈ A. We note that the notation a n was used instead of [a] n in [8] .
p n is a surjective ring homomorphism whose kernel is the ideal of elements of valuation greater than or equal to ( 
Proof. We recall from [8, Lemma 3.1.2] that for every ring A, and for all x, y ∈ A, we have 
. By easy induction, we find
Proof. It follows from Lemma 1.2.1 that the statement holds after reduction
shows that the statement is true after reduction modulo p v , for all v ≥ 1. Since the vertical maps in the diagram above are all surjective, the sequence of kernels
is exact. Hence, the sequence of limit systems
gives an exact sequence
The derived limit R 1 lim v K n,v vanishes since the structure maps are surjective.
Following Fontaine [4] we define RV to be the limit of the diagram
where ϕ is the Frobenius. We note that the map of limits induced from the following map of towers of multiplicative monoids is an isomorphism.
The horizontal maps are given by raising to the p th power. Indeed, given an element
). We note that the kernel of the canonical projection
is equal to the ideal of elements of valuation greater than or equal to 1.
There is a natural surjective ring homomorphism
is a compatible sequence of primitive p v−1 th roots of unity inV considered as an element of RV , and if ε n is the unique p n th root of ε, then
generates the kernel of θ n . Moreover, the maps θ n satisfy that R • θ n = θ n−1 and
Proof. We consider the ring isomorphism
efined to be the composite of the following isomorphisms.
The first map is an isomorphism since the underlying set of the Witt ring W (A) is the product of copies of A indexed by the set of non-negative integers; the second map is an isomorphism by Lemma 1.1.3; and the third map is an isomorphism by Lemma 1.1.4. The map of the statement is then induced from the composite
We first show that θ n (ξ n ) = 0. The map
, and the canonical isomorphism
To find the image of this sequence by the inverse of the canonical isomorphism
we use the formula given by Lemma 1.1.3 but with a particular choice of liftingsx
k is a primitive p k+v−1 th root of unity, for k + v − 1 nonnegative, and such that (ε
k ]. Since these elements are already compatible under the Frobenius map, we find that alsox
Hence, the image of the sequence {[ε (v) k ]} v≥1 by the inverse of the isomorphism above, is the sequence {[ε
But this sequence is mapped to 1 by the composite
It remains to show that ξ n generates the kernel of θ n . We show inductively that for all v ≥ 1, the induced map
is the image by the canonical projection of ξ n in W v (RV ). In the basic case v = 1, we have the following commutative diagram.
By Lemma 1.2.1, the kernel of the composition of the maps in the lower row is equal to the ideal of elements of valuation greater than or equal to (1 − p −n )/(p − 1). The element ξ n,1 , which generates the kernel of the composition of the maps in the top two, has valuation
, it follows that θ n,1 is an isomorphism as desired.
Finally, to prove the induction step it suffices to show that the top row in the following diagram is exact.
is exact, since RV is a perfect F p -algebra, and the element ξ n,1 ∈ RV is a non-zerodivisor. It follows, inductively, that ξ n,v ∈ W v (RV ) is a non-zero-divisor and that the sequence in question is exact.
There is a ring isomorphism
Proof. We showed at the beginning of the proof of Prop. 1.2.3 that the map ψ is an isomorphism. The statement that R • ψ = ψ • F −1 follows easily from the formula R • θ n = θ n−1 . 
. Let x, y ∈ W (A) be non-zero and suppose xy = 0. We write x = V s (x ′ ) and y = V t (y ′ ) with s and t as large as possible. Assuming that s ≥ t,
We claim that W (A) has no p-torsion. Granting this, we see that
. It remains to prove the claim. Since A is an F p -algebra, we have p = V (1), and hence, for a ∈ W (A), pa = V (1)a = V (F (a)). We must show that F :
be a compatible sequence of primitive p v−1 th roots of unity considered as an element of RV , and let ε n be the unique p n th root of ε. Then for every non-negative integer q, the following sequence is exact.
. Then the zeroth Witt coordinate is a 0 = a(0) = (ε 1 − 1)/(ε 2 − 1). We show by induction on n ≥ 1 that the sequences
are exact. The basic case n = 1 and the induction step are similar. Indeed, it will suffice to show that for all n ≥ 1, the top horizontal sequence in the following diagram is exact.
We mention that the upper right-hand square commutes since
and similar for the upper left-hand square. To prove that the top horizontal sequence in the diagram above is exact we compose the right hand map in the sequence with the isomorphism ϕ : RV → RV . The composite map takes x to x p − a p n 0 x. Since RV is an integrally closed domain whose quotient field is algebraically closed, the exactness follows. Proof. The number of p m th roots of unity in the ringVˆis equal to p m . Hence it suffices to show that every p m th root of unity in W n (V )ˆis of the form [ζ] n where ζ is a p m th root of unity inVˆ. Now an element a ∈ W n (V )ˆis a p m th root of unity if an only if the image of a by the ghost map
n is a p m th root of unity. Indeed, the ghost map is an injective ring homomorphism since the ringVˆhas no p-torsion. This, in turn, is equivalent to the statement that for all 0 ≤ i < n, the ghost coordinates
are p m th roots of unity inVˆ. We show by induction on 0 ≤ i < n that a 0 is a p m th root of unity inVˆand that a 1 , . . . , a i are equal to zero. The statement for i = 0 is trivial since a 0 = w 0 . So we assume that a 0 is a p m th root of unity and that a 1 = · · · = a i−1 = 0 and must show that also a i = 0. The defining equation for the ith ghost coordinate yields the equation
Since w i and a 0 are both p m th roots of unity, the left-hand side is either zero or an element of valuation at most 1/(p − 1). Similarly, the right-hand side is either zero or an element of valuation at least i. It follows that a i = 0 as desired. Remark 1.3.5. In the proof of Lemma 1.3.4 we have used that p is an odd prime. If p = 2, the 2 m th roots of unity in W n (V )ˆare instead the elements of the form ±[ζ] n where ζ is a 2 m th root of unity inVˆ. Hence, the number of 2 m th roots of unity in W n (V )ˆis equal to 2 m , if n = 1, and 2 m+1 , if n > 1.
2. The algebraically closed case 2.1. In this section we determine the structure of the groups
and prove Thms. A and B of the introduction. We first extend some of the results from [8] to the algebraically closed case. The p-completion and p-cocompletion of a spectrum X are defined by
is a Moore spectrum for the group Q p /Z p concentrated in degree −1. We write π q (X, Z p ) and π q (X, Q p /Z p ) for the qth homotopy group of Xˆand Xˇ, respectively. There are natural short-exact sequences
which relate the integral homotopy groups and the homotopy groups with Z pcoefficients and with Q p /Z p -coefficients. A map of spectra induces a weak equivalence after p-completion if and only if it induces an isomorphism of homotopy groups with Z/p-coefficients. Let T be the circle group and let C r be the subgroup of order r. We begin with the following lemma from equivariant homotopy theory. We refer to [8, Sect. 4] for the definition and properties of the Tate spectrum.
Lemma 2.1.1. Let X be a T-spectrum and suppose the π t X vanishes for t ≪ 0. Then the canonical map of Tate spectrâ
becomes a weak equivalence after p-completion.
Proof. We show first that the map
s a weak equivalence. This can be rewritten as
T with the map induced from the canonical map
This is a weak equivalence of pointed T-spaces if and only if the map
s a weak equivalence of pointed spaces. The latter is easily verified by calculating homotopy groups. We next show by induction that for s ≥ 0, the canonical map
s a weak equivalence. The basic case s = 0 was proved above. To prove the induction step we consider the cofibration sequencẽ
It shows that it suffices to show that the map
s a weak equivalence. Since the inclusion X → F (E + , X) is a non-equivariant equivalence, we may instead show that the map
s a weak equivalence. We now use the weak equivalence of T-spectra
to rewrite the latter map as
As in the basic case s = 0, we can rewrite this map as the map
We see that this is a weak equivalence of pointed T-spaces by calculating homotopy groups as before. Finally, we consider the diagram
where the lower horizontal map is the p-completion of the map of the statement. The top horizontal map is an equivalence by what was shown above. Moreover, it follows from the proof of the induction step above that the map of ith homotopy groups induced by each of vertical maps become isomorphisms for s sufficiently large. This uses that π t X vanishes for t ≪ 0. This completes the proof.
Let G be a finite group, and let T be a G-spectrum. There is a natural whole plane spectral sequence called the Tate spectral sequence
that converges conditionally in the sense of [2, Def. 5.10] to the homotopy groups of the Tate spectrum and whose E 2 -term is given by the Tate cohomology of G with coefficients in the homotopy groups of T considered as G-modules. The spectral sequence was first constructed in this generality in [5] , but see also [8, Sect. 4 ].
Lemma 2.1.3. Let G be a finite group and let {T α } be a filtrered colimit system of G-spectra. Suppose that for all i ∈ Z, there exists constants r and c (independent of α) such thatÊ 
is a weak equivalence of spectra.
Proof. Let Fil sĤ (G, T α ), where s ranges over the integers, be the filtration ofĤ(G, T α ) from [8, Sect. 4] which gives rise to the Tate spectral sequence (2.1.2). It induces a filtration of hocolim αĤ (G, T α ), and the canonical map
is filtration preserving. The filtration of the right-hand term gives rise to the spectral sequenceÊ * (G, hocolim α T α ). The filtration of the left-hand term gives rise to the colimit of the spectral sequencesÊ * (G, T α ). Since Tate cohomology preserves filtered colimits, the map of spectral sequences induced by the map of the statement is an isomorphism. Hence we are done once we prove that both spectral sequences converge strongly. This is the case for each of the sequencesÊ * (G, T α ). Indeed, this follows from [2, Thm. 8.2] since the sequences are conditionally convergent and collapse at the E r -term. Since this is true for all α, the spectral sequencê E * (G, hocolim α T α ) also converges strongly. We must show that the sequence
converges strongly. It suffices by loc. cit. to show that the spectral sequence converges conditionally which, by definition, means that
But the assumptions imply that π i Fil sĤ (G, T α ) vanishes for s < c and for all α. The lemma follows.
We can now prove the following generalization of 
Proof. The statement was proved for finite field extensions in loc. cit. We write K = colim α K α as the filtered colimit of all finite subextensions of K 0 contained in K. Let V α be the integral closure of W (k) in K α . The colimit of the V α maps isomorphically onto V , and hence, the induced map of T-spectra
induces an isomorphism on homotopy groups. We claim that also the induced map of C p n−1 -fixed point spectra
induces an isomorphism of homotopy groups. To prove the claim, we recall that by [7, Thm. 2.2], there is a cofibration sequence of spectra
that we call the fundamental cofibration sequence. The left-hand term is the Borel spectrum whose homotopy groups are the abutment of a natural strongly convergent first-quadrant spectral sequence
induces an isomorphism of homotopy groups. The claim then follows by easy induction over n ≥ 1.
Finally, we use Lemma 2.1.3 to show that the canonical map
induces an isomorphism of homotopy groups with Z/p v -coefficients. It suffices by an easy induction argument to consider the case v = 1. Since the Moore spectrum M p for Z/p is a finite spectrum, the canonical map
is a weak equivalence. Hence, it suffices to verify the hypotheses of Lemma 2.1.3 for the colimit system of C p n -spectra {T α }, where T α = M p ∧ T (V α |K α ). It suffices as in the proof of [8, Thm. 5.4.3] to consider the case where K α contains the pth roots of unity. The differential structure of the spectral sequenceŝ
was determined completely in op. cit., Thm. 5.5.1. In particular, it was shown there that for all α and for all r ≥ 2(p n+1 − 1)/(p − 1),
This verifies the first of the two hypotheses of Lemma 2. 
is an isomorphism in degrees q ≤ 2. Indeed, both sides preserve filtered colimits. The following result concerns the structure of the de Rham-Witt groups on the left-hand side. The definition of the
is given in op. cit., Sect. 3.2.
is divisible, for all q ≥ 1, and uniquely divisible, for all q ≥ 2. Moreover, for all q ≥ 0, the sequence is exact:
Proof. We first show that the sequence of the statement is exact. It suffices by [8, Prop. 3.2.6] to show that the left-hand map is injective. For q ≤ 1, this follows from the proof of op. cit., Thm. 3.3.8. For q ≥ 2, we claim that the canonical map
is an isomorphism and that the common group is uniquely divisible. The injectivity of the map N follows since the composite
is given by multiplication by p n−1 . To prove the claim, it suffices to show that the group Ω
is divisible, for q ≥ 1, and uniquely divisible, for q ≥ 2. Indeed, this follows immediately from op. cit., Lemma 3.2.5. We writeK = colim α K α as the filtered colimit of all finite sub-extension K α of K contained inK. Then V = colim α V α , where V α is the integral closure of V in K α , and the canonical map
is an isomorphism. It follows from op. cit., Lemmas 2.2.3 and 2.2.4 that the common group is divisible, for q ≥ 1, and uniquely divisible, for q ≥ 2, as desired. This completes the proof that the sequence of the statement is exact.
Since the group h W n Ω
is uniquely divisible, for q ≥ 2, an easy induction argument based on the exact sequence of the statement shows that the group
is uniquely divisible, for q ≥ 2, as stated. We will prove in Prop. 2.2.3 below that the group
is divisible.
We next consider the integral homotopy groups
of the topological Hochschild spectrum T (V |K). 
is a rational isomorophism.
Proof. We writeV = colim α V α as the filtered colimit of the integral closure of V in the finite sub-extensions K α of K contained inK. Then the canonical map
is an isomorphism. We recall from [8, Rem. 2.4.2] that for q positive and even, the groups TH q (V α |K α ) are uniquely divisible, and from op. cit., Prop. 2.3.4, that for all integers q, the canonical map
is a rational isomorphism. Hence the same holds for the groups TH q (V |K). It remains to show that for q positive and odd, the group TH q (V |K) is divisible. To this end, we consider the homotopy groups with Z/p-coefficients
It follows from op. cit., Thm. B and from the isomorphism at the beginning of the proof, that there is a canonical isomorphism of log-differential graded rings
But, as we saw in the proof of Prop. 2.2.1 above, Ω
is a divisible group, and hence this isomorphism becomes
In particular, the homotopy groups with Z/p-coefficients are concentrated in even degrees. It follows that for q odd, the middle group in the short-exact sequence 
is a rational isomorphism. Moreover, the restriction map
is surjective, for all integers q and all n ≥ 2.
Proof. We again use the fundamental cofibration sequence
which we used above in the proof of Prop. 2.1.4. We shall here follow the notation from [8, Sect. 3.3] and write
The long-exact sequence
and the spectral sequence
s+t (V |K; p) are both sequences of W n (V )-modules. We recall from op. cit., Lemma 3.3.3 that, in addition, there is a canonical map of W n (V )-modules
which explains the choice of notation.
We first show that the edge-homomorphism of the spectral sequence above
is an isomorphism, if q > 0 and even, and an injection whose cokernel is a ptorsion group of bounded exponent, if q > 0 and odd. Since the C p n−1 -action on T (V |K) extends to an action by the full circle group T, the induced C p n−1 -action on homotopy groups is trivial. Hence, Lemma 2.2.2 shows that E 2 s,t is zero, if s > 0 and s + t is even, and a p-torsion group of bounded exponent, if s > 0 and s + t is odd. For degree reasons, the only possible non-zero differentials are d
r : E r r,q−(r−1) → E 0,q with r ≥ 2 and q even. But this is a map from a p-torsion group to a uniquely divisible group and therefore is zero. Hence, all differentials in the spectral sequence are zero, and the edge-homomorphism is as stated. It follows that h TR n q (V |K; p) is a uniquely divisible group, if q > 0 is even, and the sum of a uniquely divisible group and a torsion group, if q > 0 is odd.
We next show that for all q, the canonical map
is a rational isomorphism. To this end, we consider the following diagram.
The lower horizontal map is the edge homomorphism of the spectral sequence and the remaining maps are the canonical ones. The top horizontal map is a rational isomorphism by the proof of Prop. 2.2.1, and the left-hand vertical map is a rational isomorphism by Lemma 2.2.2. Finally, we proved above that the lower horizontal map is a rational isomorphism.
We proceed to show that the restriction map is surjective, or equivalently, that the long-exact sequence of homotopy groups associated with the fundamental cofibration sequence breaks into short-exact sequences
It suffices to prove that this sequence is exact for q even. Indeed, this implies that the boundary map in the long-exact sequence is zero, for all q. The sequence above is short-exact for q = 0 by [7, Thm. F]. So we assume that q ≥ 2 and even and consider the following diagram.
The top sequence is exact by Prop. 2.2.1, and we proved above that the left-hand vertical map is an isomorphism. Moreover, the lower left-hand map is injective. Indeed, the composite
which is given by multiplication by p n−1 , is an isomorphism, and we proved above that the left-hand map is an isomorphism. It follows, by induction on n ≥ 1, that the lower sequence is exact and that the middle vertical map is an isomorphism as desired.
It remains to prove that TR n q (V |K; p) is divisible, if q > 0 and odd. As in the proof of Lemma 2.2.2, we show that if q > 0 and odd, the middle group in the following short-exact sequence vanishes.
To prove this, we recall from Prop. 2.1.4 that for q ≥ 0, the map
is an isomorphism. We use the Tate spectral sequencê
to evaluate the right-hand side. As in the proof of Lemma 2.2.2, we find that
with the generators u n , t, and κ in bidegrees (−1, 0), (−2, 0) and (0, 2), respectively. We recall from [8, Sect. 4.4] that there is a map to this spectral sequence from the spectral sequenceÊ
which on the E 2 -terms is given by the obvious inclusion. For degree reasons, all differentials in the latter spectral sequence are zero. It follows that all possible non-zero differentials in the former spectral sequence are multiplicatively generated from a non-zero differential on the class u n . Since T (V |K) is a T (W (k)|K 0 )-module spectrum, [8, Prop. 5.5.4] shows that
where µ n ∈ Z/p is a unit. We conclude that
which is concentrated in even degrees as desired.
2.3.
We consider the homotopy groups with Z p -coefficients of TR n (V |K; p). We recall that for any spectrum X, the p-adic homotopy groups are related to the integral homotopy groups by a natural short-exact sequence
The right-hand term is also written T p (π q−1 (X)) and called the p-primary Tate module of the group π q−1 (X). In the case at hand, the left-hand term (resp. the right-hand term) vanishes for q > 0 (resp. for q > 0 and odd) since TR n q (V |K; p) is divisible (resp. torsion-free). In particular, we obtain a canonical isomorphism
which, in turn, gives rise to a map of graded W n (V )ˆ-algebras
We first consider this map for n = 1.
is a freeVˆ-module of rank one and the canonical map
Proof. We have a canonical isomorphism
of the p-primary Tate module and the limit over m ≥ 1 of the p m -torsion subgroups.
Indeed, the case m = 1 follows from [8, Cor. 2.2.5], and the general case is proved by induction using the following diagram.
The lower horizontal sequence is canonically identified with the coefficients sequence
which is exact since TH q (V |K, Z/p v ) is zero for q odd. It follows that the p-primary
is a freeVˆ-module of rank one and that κ = {d log v (m) } m≥1 is a generator. It remains to show that the composite map
nduces an isomorphism of homotopy groups in degrees q ≥ 2. Since this is a map between p-complete spectra, it suffices to show that the induced map of homotopy groups with Z/p-coefficients is an isomorphism in degrees q ≥ 2. But this follows from [8, Thm. B].
The following result together with Prop. 2.2.3 above completes the proof of Thm. A of the induction.
is a free module of rank one over W n (V )ˆand the canonical map
Proof. We know from Prop. 2.1.4 that the map
induces an isomorphism of homotopy groups with Z p -coefficients in non-negative degrees. It follows from Lemma 2.3.1 that the Tate spectral sequencê
takes the formÊ 2 = SV /p nV {t ±1 , κ} with t and κ in bi-degrees (−2, 0) and (0, 2), respectively. Since all non-zero elements are located in even total degree, all differentials are zero and the groups TR n q (V |K; p, Z p ) are concentrated in even degrees. Moreover, the spectral sequence is multiplicative, and multiplication by t −1 induces an isomorphism ofÊ 
Proof. For q = 0, the statement is that F : W n (V )ˆ→ W n−1 (V )ˆis surjective which we proved in Cor. 1.2.2. Hence it suffices by Prop. 2.3.2 to show that
takes a W n (V )ˆ-module generator to a W n−1 (V )ˆ-module generator. By Prop. 2.1.4 we may instead show that the map
takes a W n (V )ˆ-module generator to a W n−1 (V )ˆ-module generator. It follows from the construction of the Tate spectral sequence that the latter map induces a map of Tate spectral sequences that on E 2 -terms is given by the map
that takes generators t and κ on the left-hand side to the generators t and κ on the right-hand side and that mapsV /p nV toV /p n−1V by the canonical projection; see [8, Sect. 4] . The element t −1 on the left-hand side represents a W n (V )ˆ-module generator of π 2 (Ĥ(C p n , T (V |K)), Z p ) and the element t −1 on the right-hand side represents a W n−1 (V )ˆ-module generator of π 2 (Ĥ(C p n−1 , T (V |K)), Z p ). This completes the proof.
We conclude this paragraph with a brief discussion of the homotopy groups with Q p /Z p -coefficients of the spectrum TR n (V |K; p). 
Proof. Since A is a divisible abelian group, the short-exact sequence
This sequence, in turn, gives rise to a six-term exact sequence
To prove the statement of the lemma, it suffices to prove that the second and fifth terms of this sequence vanish. But this follows immediately from the exact sequence at the beginning of the proof considered as a flat resolution of Q p /Z p and from the fact that V p (A) is a Z[ 
Proof. This follows immediately from Thm. A, Lemma 2.3.4, and from the definition of homotopy groups with Q p /Z p -coefficients which we recalled at the beginning of Sect. 2 above.
Let ε = {ε
(v) } v≥1 be a sequence of primitive p v−1 th roots of unity inK that are compatible in the sense that (ε (v+1) ) p = ε (v) . The sequence ε is a generator of the p-primary Tate module T p (K * ), and the image by the canonical isomorphism
is the associated K-theory Bott element β ε = β 
induced by the cyclotomic trace is the element β ε,n = β TR ε,n = {d log n ε (v) } v≥1 .
Proof. We recall from [8, Sect. 2.3] that the map d log n :M =V ∩K * → TR n 1 (V |K; p) is defined to be the composite of the canonical inclusion α :M ֒→K * , the canonical isomorphismK * → K 1 (K), and the cyclotomic trace K 1 (K) → TR n 1 (V |K; p). The stated formula is now clear.
The TR-theory Bott element
satisfies that R(β n,ε ) = F (β n,ε ) = β n−1,ε and hence defines a Bott element
The right-hand group is a free module of rank one over the ring lim F W n (V )ˆwhich we identify with the ring W (RV ) via ring isomorphism 
with the property that
The uniqueness part of Prop. 2.4.2 follows immediately from Addendum 1.3.2; the existence part is proved in Sect. 3 below. We conclude this section with the proofs of Thm. B and C of the introduction.
Proof of Thm. B. We first prove the statement (i) of Thm. B. It follows from Addendum 2.3.3 that the canonical projection pr n,1 : lim
is surjective. Similarly, Cor. 1.2.2 shows that the canonical projection pr n,0 : lim
s surjective. Moreover, the domain (resp. the range) of the map pr n,1 is a free module of rank one over the domain (resp. range) of the map pr n,0 . It follows that the map pr n,1 takes a generator to a generator. Hence, the class defined by
is a W n (V )ˆ-module generator. Finally,
We next consider the statement (ii) of Thm. B. It is immediate from the definition of α ε,n that F (α ε,n ) = α ε,n−1 . The restriction map induces a self-map
. of a free W (RV )-module of rank one. Hence there exists an element ξ ∈ W (RV ) such that R(α ε ) = ψ(ξ) · α ε , and since W (RV ) is an integral domain, this element ξ is unique. Since R(β ε ) = β ε and β ε = ψ([ε 1 ] − 1) · α ε , we find that 
This is an equation among elements of a free module of rank one over an integral domain. Hence, we obtain
and apply Addendum 1.2.4 to obtain the stated formula.
Proof of Thm. C. Let TF(V |K; p) be the homotopy limit spectrum
where the structure map in the limit system is the Frobenius map. The restriction and Frobenius maps give rise to self-maps of the spectrum TF(V |K; p) and the topological cyclic homology spectrum TC(V |K; p) is defined to be the homotopy equalizer. Hence, the homotopy groups form a long-exact sequence
and we have the Milnor short-exact sequence
The same is true for the homotopy groups with Z p -coefficients. It follows from Thms. A and B that the map
that takes a to ψ(a)·α m ε is an isomorphism, for all non-negative integers m, and that the groups in odd degrees are zero. Moreover, the following diagram commutes.
The statement of the theorem now follows from Cor. 1.3.3.
3. The generator α ε 3.1. We obtain the generator α ε from the Thom class λ −L in topological Ktheory associated with negative the canonical line bundle over P ∞ (C). We first recall some standard facts about topological K-theory.
Let ku be the connective cover of the p-completion of the spectrum representing periodic complex K-theory. This is a ring spectrum whose homotopy groups π * (ku) = S Zp {β} is the polynomial algebra over Z p on the Bott element β = β ku of degree 2. The canonical projection f : T → {1} from the circle group to the trivial group gives rise to an adjoint pair of functors (f * , f * ) between the stable homotopy category and the T-stable homotopy category. (The functor f * was left out of the notation in the bottom row of the diagram at the beginning of the introduction.) We consider the Tate spectrum of the T-spectrum f * ku obtained from the spectrum ku in this way. The Tate spectral sequence takes the form
with the generators t and β located in bi-degrees (−2, 0) and (0, 2), respectively. Since the non-zero groups are all located in even total degrees, it follows that all differentials are zero. Hence, the graded ring π * (Ĥ(T, f * ku)) is the tensor product of a power series algebra and a Laurent polynomial algebra over Z p on generators h and λ −L that represent tβ and t −1 , respectively. We now explicitly choose a pair of generators h and λ −L .
Let L = O(1) be the canonical line bundle over P ∞ (C) and define P ∞ −s (C) to be the Thom spectrum of the virtual bundle −sL. We recall that P ∞ −s (C) may be given the structure of a CW-spectrum with one cell in every even dimension greater than or equal to −2s. Moreover, it follows from [10, Prop. II. 4.4] that for all integers s, there is a canonical isomorphism
-module of rank one generated by the standard Thom class λ −sL of the virtual bundle −sL. Moreover, the product
to be the class of the reduced canonical line bundle. Letβ ∈ K −2 (P ∞ −1 (C), Z p ) be the image of the Bott element β by the composite of the canonical maps
The classβ is represented in the spectral sequence by the element β and the product
is the tensor product of the power series algebra and the Laurent polynomial algebra over Z p generated by the class 
3.2.
It follows from theorems of Suslin [11, 12] that the spectrum ku and the p-completion of the algebraic K-theory spectrum K(K) are weakly equivalent ring spectra and that we can choose a weak equivalence of ring spectra
such that the induced map of homotopy groups takes the Bott element β to the Bott element β ε . We obtain a map of T-ring spectra τ ε : f * ku → T (V |K)â s the adjoint of the composite of the map ι ε and the trace map tr : K(K)ˆ→ f * T (V |K)ˆ.
We also recall from Lemma 2. All maps in this diagram are compatible with the respective Frobenius maps. Hence, we obtain a well-defined commutative diagram of spectra and multiplicative maps in the stable homotopy category The mapã determines and is determined by the sequence a = {a (n) } n≥1 , where a (n) =ã (n) (t n ) is a p n−1 th root of unity in W n (V )ˆand where F (a (n) ) = a (n−1) . We claim that for all n ≥ 1, the mapã (n) is injective or equivalently that a (n) is a primitive p n−1 th root of unity. Indeed, the map τ ′ ε,n induces a map from the spectral sequence E 2 s,t = H −s (C p n−1 , π t (ku)) ⇒ π s+t (H · (C p n−1 , f * ku))
to the spectral sequence The map of E 2 -terms is injective and, for degree reasons, all differentials in the two spectral sequences are zero, so the induced map of E ∞ -terms is also injective. Hence the induced map of homotopy groups is injective as claimed. Finally, Lemma 1.3.4 shows that a = {[ε ′(n) ] n } n≥1 , where ε ′ = {ε ′(n) } n≥1 is a sequence of primitive p n−1 th roots of unity inVˆsuch that (ε ′(n) ) p = ε ′(n−1) . The statement follows since the isomorphism ψ of Addendum 1.2.4 takes [ε ′ ] to {[ε ′(n) ] n } n≥1 .
Remark 3.2.4. We expect that the two sequences ε ′ and ε in the statement of 
